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Recently, it has been found that the kinematic viscosity of liquids at the minimum, νm, can be
expressed in terms of fundamental physical constants, giving νm on the order of 10
−7 m2/s. Here,
we show that the kinematic viscosity of quark-gluon plasma (QGP) has the same value and support
this finding by experimental data and theoretical estimations. We discuss the implications of this
result for understanding the QGP including the similarity of its shear flow with that in liquids at
the viscosity minimum and propose that the QGP is close to the dynamical crossover. Our results
provide quantitative evidence for the universality of the shear diffusivity proposed earlier.
Introduction. The quark-gluon plasma (QGP) is a
state of matter emerging at temperature of about 1012
K and above the deconfinement QCD transition (∼ 175
MeV) [1]. It is produced by highly energetic collisions [2–
4] and can be thought as a plasma made of free quarks
and gluons. The inter-particle interactions in QGP are
strong and are not possible to treat using conventional
theoretical methods such as perturbation theory.
Flow and viscosity are the properties of QGP which
have probably been discussed most. Due to the low value
of viscosity to entropy ratio, extracted using the momen-
tum anisotropy of the particle emission and related to
strong coupling, the QGP is referred to as the “perfect
fluid” [5–8]. The ratio in QGP is close to the conjectured
universal minimum [9], ηs ≥ 14pi h¯kB [10, 11].
In condensed matter physics, predicting liquid viscos-
ity from theory and without modelling has not been
possible for the same reason related to strong interac-
tions. Liquid viscosity strongly depends on temperature
and pressure. Viscosity is additionally strongly system-
dependent and is governed by the activation energy bar-
rier for molecular rearrangements, U , which in turn is
related to the inter-molecular interactions and structure.
This relationship in complicated in general, and no uni-
versal way to predict U and viscosity from first princi-
ples exists. This is appreciated outside the realm of con-
densed matter physics [12]. Tractable theoretical models
describe the dilute gas limit of fluids where perturbation
theory applies, but not dense liquids of interest here [13].
The same problem of strong interactions or, phrased dif-
ferently, the absence of a small parameter, were believed
to disallow a possibility of calculating liquid thermody-
namic properties in general form [14]. For example, the
theoretical calculation and understanding of the liquid
energy and heat capacity has remained a long-standing
problem [15] which started to lift only recently when new
understanding of phonons in liquids came in [16].
Despite these complications, there is one particular
regime of liquid dynamics where viscosity can be calcu-
lated in general form and, moreover, expressed in terms
of fundamental physical constants. Recently, it has been
found [17] that the kinematic viscosity at its minimum,
νm, is
νm =
1
4pi
h¯√
mem
(1)
where me and m are electron and molecule masses.
The kinematic viscosity ν is equivalent to the diffu-
sion constant of the shear diffusion mode Ds (transverse
momentum diffusivity), and we will be referring to these
properties inter-changibly in this paper depending on the
context.
Eq. (1) follows from writing viscosity at the minimum
in terms of two UV cutoff parameters, the interatomic
separation and Debye vibration period, and subsequently
using fundamental relations such as Bohr radius and Ry-
dberg energy setting these UV parameters in condensed
matter phases.
For atomic hydrogen where m is given by the proton
mass mp, (1) results in the fundamental minimal kine-
matic viscosity as
νm =
1
4pi
h¯√
memp
≈ 10−7 m
2
s
(2)
We calculated [17] the kinematic viscosity ν = η/ρ using
the experimental dynamic viscosity η and density ρ for
several liquids from Ref. [18] and show ν in Fig. 1). We
observe that the experimental minima, νexpm , are in the
range of about
νexpm = (0.5− 2) · 10−7
m2
s
(3)
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2FIG. 1: Experimental kinematic viscosity ν = η
ρ
of noble,
molecular and network liquids showing minima. The experi-
mental data of η and ρ are from Ref. [18]. ν for H2, H2O and
CH4 are shown for pressure P = 50 MPa, 100 MPa and 20
MPa, respectively. ν for He, Ne, Ar and N2 are shown at two
pressures each: 20 and 100 MPa for He, 50 and 300 MPa for
Ne, 20 and 100 MPa for Ar and 10 and 500 MPa for N2. The
minimum at higher pressure is above the minimum at lower
pressure for each fluid. The dashed line shows the kinematic
viscosity of the QGP calculated in this work. Note that the
temperature of QGP is about 109−1010 times larger than the
temperature of most liquid viscosity minima.
and agree with Eq. (1) by a factor 0.5-3 for different
liquids [17].
Here, we show that the kinematic viscosity of the
QGP has a value similar to (2). We use experimental
data as well as theoretical estimations to back up this
result. We discuss the implications of the similarity
between liquids and QGP from the point of view of shear
flow and particle dynamics and propose that the QGP
is close the dynamical crossover. Our results provide
quantitative evidence for the universality of the shear
diffusivity proposed earlier
Kinematic viscosity. We make two preliminary ob-
servations which will become useful for the subsequent
discussion. First, we recall the dynamics of particles at
the minimum of the liquid viscosity, where the kinematic
viscosity is given by Eq. (1). This minimum is due to
the dynamical crossover [16, 17] separating (a) the liquid-
like dynamics combining oscillatory and diffusive compo-
nents of molecular motion where viscosity decreases with
temperature and (b) the ballistic gas-like motion where
the viscosity increases with temperature. The crossover
between these two regimes implies that viscosity has a
minimum. These minima are experimentally seen in liq-
uids, as illustrated in Fig. 1. At the crossover where
molecules lose the oscillatory component of motion and
continuously move diffusively over distances comparable
to an interatomic separation, the viscosity can be evalu-
ated by assuming that the particle mean free path L is
approximately equal to the inter-particle distance a. This
results in Eq. (1), in agreement with the experimental
viscosity minima [17]. This mechanism will become use-
ful in the discussion below. We note that viscosity min-
imum also appears in a different mechanism involving
relativistic hydrodynamics and considering the effects of
short-wavelength hydrodynamic fluctuations to the clas-
sical viscosity estimate [19]. The minimum in this picture
is related to the breakdown of the hydrodynamics expan-
sion and Israel-Stewart relaxation time [20]. A minimum
for η/s was also discussed in holographic models where
it corresponds to a transition between thermal gas back-
ground and a big black hole solution at high temperature
[21] and in certain nuclear matter models [? ? ].
Second, we observe that the minimal viscosity in liq-
uids (1) is consistent with the uncertainty relation. As
discussed above, the viscosity at the minimum corre-
sponds to L = a and can be written as η = ρva = ma3 va =
pa
a3 , where p is the particle momentum and ρ =
m
a3 is den-
sity. Combining this with the uncertainty relation pa ≥ h¯
gives η ≥ h¯a3 , or
νm ≥ h¯
m
(4)
Therefore, the uncertainty relation gives a weaker bound
on ν as compared to νm in (1): the lower bound in (4)
is smaller than νm by a factor
1
4pi
(
m
me
) 1
2
, which is in
the range 5–23 for liquids shown in Fig. 1. For atomic
hydrogen, Eq. (4) gives the lower bound as
νm ≥ h¯
mp
(5)
The bound (5) is smaller than (2) by the factor
1
4pi
(
mp
me
) 1
2 ≈ 3.
We now calculate the experimental value of kinematic
viscosity of QGP, νexpQGP =
ηQGP
ρ , where ηQGP is dynamic
viscosity and ρ is density. The parameters we use for our
estimations are listed in Table I. The density ρ can be es-
timated in several ways. First, we write ρ = 1c2
E
V , where
E
V is energy density (see Table I). This gives ρ ≈ 5 · 1018
kg/m3. Second, the QGP is a relativistic charged fluid
described by relativistic hydrodynamics [22], where the
diffusion constant of the shear diffusion mode Ds (trans-
verse momentum diffusivity), is given by:
ν ≡ Ds = η
χpipi
, χpipi = s T + µ q, (6)
where χpipi is momentum susceptibility, µ is the chemical
potential, q is the charge density and we set c = 1.
3In the part of the QCD phase diagram where the QGP
is observed, the quark baryonic chemical potential is
small, µ/T  1, and the second term in χpipi can be
neglected. This can be verified using relativistic hydro-
dynamics [22], together with the experimental value for
η/s given by [8]:
η
s
∣∣∣
QGP
∼ 3
4pi
h¯
kB
= 3
η
s
∣∣∣
KSS
(7)
where ηs
∣∣∣
KSS
is the KSS bound [10, 11].
In the limit of small chemical potential µ/T  1 and
neglecting the pressure contribution, we write χpipi ∼ sT ,
resulting in:
η
ρ
∼ η
s T
(8)
and, restoring the speed of light c, find
ρ c2 ∼ s T ∼ kB T
h¯
η (9)
which gives ρ ≈ 1.5 · 1018 kg/m3, similar to the first
estimation.
We note that Eq. (9) contains the Planckian relaxation
time τPl =
h¯
kBT
which we will discuss later in the paper.
Finally, we can assume that ρ is approximately given
by the proton density ρ =
mp
a3p
, where mp and ap are pro-
ton mass and size. This is consistent with the observation
that the energy density in QGP is not far from the energy
density inside nucleons [23] and so the proton density can
be used in order-of-magnitude estimations (all our eval-
uations corresponds to order-of-magnitude estimations).
Using the values in Table I, this estimate gives ρ ≈ 3·1018
kg/m3. This is close to the previous estimations, and we
will use it in our subsequent calculations.
Then, νexpQGP is
νexpQGP ≈ 10−7
m2
s
(10)
as for liquids at the viscosity minimum in (2) and (3).
Given that the dynamic viscosity η and the density of
QGP are about 16 orders of magnitude larger than those
values in liquids, the similarity of ν is striking.
We now provide a crude theoretical estimation of ν in
QGP. We assume that, as far particle dynamics is con-
cerned, the QGP is similar to liquids at the dynamical
crossover where L is equal to the inter-particle spacing.
This not a trivial assumption because, as discussed earlier
and elaborated on in more detail below, this regime cor-
responds to a very particular regime of dynamics where
liquid viscosity is at its minimum. The inter-parton dis-
tance, a = 0.5 fm [24], is close to ap, hence we use L = ap.
We write η = ρva, where v is the average velocity of
QGP particles involved in setting the viscosity. Approxi-
mating the density ρ by mp/a
3
p as discussed earlier gives
E/V 1 GeV/fm3 [23]
η 5 · 1011 Pa· s [7]
mp 1.67 · 10−27 kg
ap 0.84 · 10−15 m
a 0.5 · 10−15 m [24]
TQGP 2 · 1012 K [7]
TABLE I: Parameters used to estimate the properties of QGP.
η = p/a2p, where p = mpv is interpreted as the momen-
tum of the proton moving with speed v. Estimating p as
p ≈ h¯/ap from the uncertainty relation gives η = h¯/a3p
and the theoretical value of kinematic viscosity of QGP,
νthQGP =
η
ρ as
νthQGP =
h¯
mp
≈ 10−7 m
2
s
(11)
as in (10).
Interestingly, the same result follows from an estima-
tion of the diffusion constant that features in the mean-
square displacement of particle motion, D. We note that
D is different from Ds in Eq. (6). D coincides with ν
and Ds in the gas-like regime of particle dynamics at high
temperature where the same momentum transfer mecha-
nism governs both Navier-Stokes and diffusion equations
[25] (D and ν are different in the liquid-like regime at
low temperature, where viscosity is ∝ 1/D). At low tem-
perature where liquid dynamics combines oscillatory mo-
tion and diffusive jumps between quasi-equilibrium po-
sitions and where liquid relaxation time τ is the time
between these jumps, where D ≈ a2τ [25]. As tempera-
ture increases and τ becomes comparable to the shortest
timescale in the system τ0 (in liquids τ0 is on the order
of Debye vibration period of about 0.1 ps), the oscil-
latory component of particle motion is lost and parti-
cles start moving continuously, corresponding to the dy-
namical crossover discussed above [16]. At the crossover,
D ≈ a2τ0 . For QGP, τ0 can be evaluated using the Planck-
ian relaxation time [26]:
τPl =
h¯
kBT
(12)
The Planckian time τPl was related to several funda-
mental physical phenomena, including the linear resistiv-
ity of strange metals [27], universal bounds on quantum
chaos [28], bounds on diffusion [29–31], SYK model [32],
4magic bilayer graphene [33], black holes [34] and holog-
raphy [35]. We note that τPl can appear in transport
properties using semi-classical microscopic physical ar-
guments.1 This is different to the AdS-CFT approach
where this timescale emerges from emergent IR critical-
ity [36] and which contrasts experimental results [37] of
Planckian transport in high-temperature thermal con-
ductivity where phonons behave classically.
Using (12) and approximating the inter-parton dis-
tance a by ap as before gives
D =
a2p
h¯
kB TQGP (13)
Using the temperature of QGP (see Table I) gives D ≈
10−7m2/s as in (11).
A very small relaxation time τPl =
h¯
kBTQGP
≈ 0.4·10−23
s interestingly contrasts with the large experimental
viscosity of QGP, ηQGP = 5 · 1011 Pa· s. This is different
from liquids where this viscosity corresponds to the
relaxation time τl = 50 − 500 s, where we used the
Maxwell relation η = Gτ and a typical high-frequency
shear modulus G = 1 − 10 GPa in liquids. τl is close
to that of the solid glass just below the liquid-glass
transition and is about 15-16 orders of magnitude larger
than the shortest time scale of the system given by the
Debye vibration period on the order of 0.1 ps. Applying
the Maxwell relation to QGP, ηQGP = GτPl gives
G ≈ 1035 Pa. Combining it with G = ρv2 (where we
neglected pressure in the relativistic case as before) and
using ρ from above gives the transverse speed of sound v
close to the speed of light. Hence, in condensed matter
terms, the QGP is an ultra-dense matter with relativistic
speed of excitations but familiar kinematic viscosity
close to that in liquids at the minimum and dynamic
viscosity close to the system at the liquid-glass transition.
Discussion. We now discuss the implications of these
results. We first note that kinematic viscosity of liquids
at the minimum in Eqs. (2) and (3) does not contain the
electron charge setting the energy of electromagnetic in-
teractions and viscosity (the charge cancels out, as does
the inter-particle separation) and depends on the par-
ticle mass only [17]. This implies that νm applies to
systems with different types of inter-particle interactions
and distances. This is consistent with ν estimated from
the uncertainty relation in Eqs. (4) and (5) which de-
pend on particle mass only. For this reason, the crude
estimation of QGP viscosity in Eq. (11), where we used
the uncertainty relation and the nucleon density to ap-
proximate the QGP density, gives the same result as for
liquid hydrogen at the minimum in Eq. (5). This in-
triguingly implies that useful insights into dynamical and
1 We thank Jan Zaanen for pointing this out.
transport properties of the QGP can be gained using the
concepts from condensed matter systems such as ordi-
nary liquids, despite different interactions and different
underlying fundamental theory such as QCD in QGP.
Second, the similarity of the kinematic viscosity of liq-
uids at the minimum and νexpQGP implies similar flow dy-
namics. In the non-relativistic case, the shear velocity
field is governed by Navier-Stokes equation ρDvDt = η∇2v,
which depends on ν = ηρ only. ν also features in the
Reynolds number, which governs the dynamical similar-
ity of flows. In the relativistic hydrodynamics relevant to
the QGP, the dynamics of shear modes comes from the
conservation of the stress energy tensor [22]: ∂µT
µν = 0,
resulting in the diffusive motion for the shear modes as
ωs = −iDsk2, with the difference that in the relativistic
case Ds =
η
+p rather than Ds =
η
ρ . As discussed above,
the two diffusion constants are approximately similar in
the range of QGP parameters. This points to the univer-
sality of Ds in terms of its applicability to both relativis-
tic and non-relativistic systems as discussed earlier [29].
We will revisit this point below.
Third, in deriving (11) we assumed that the mean free
path of QGP particles is about the same as the inter-
particle distance. From the condensed matter perspec-
tive, this corresponds to a particular regime of particle
dynamics of liquids and a particular line on the phase
diagram as discussed above. In this regime, the sys-
tem is outside the low-temperature regime where par-
ticles have a combined oscillatory and diffusive motion
and where relaxation time and viscosity decrease with
temperature and vary by 16 orders of magnitude (relax-
ation time varies between 103 s at the glass transition
and about 0.1 ps at high temperature). The system is
also outside the gas-like regime where the mean free part
exceeds inter-particle separation and viscosity increases
with temperature and becomes infinite in the ideal-gas
limit [7]. Instead, the liquid is finely tuned to be in be-
tween these two regimes and at the crossover between
the liquid-like and gas-like motion (see the minima in
Fig. 1) where the oscillatory motion is just lost and par-
ticle mean free path is comparable to the inter-atomic
separation. In terms of particle dynamics, the crossover
corresponds to the Frenkel line on the phase diagram
[16, 38, 39] separating gas-like and liquid-like states of
liquids and supercritical fluids. Although the crossover
of particle dynamics is responsible for the viscosity mini-
mum seen in Fig. 1, the temperature and pressure of the
viscosity minimum may depend on the path taken on the
phase diagram [16].
Having made the assumption that QGP particles are
at the dynamical crossover, we found that (a) the cal-
culated νthQGP in (11) and Ds in (13) are close to the
experimental value of νexpQGP in (10), and (b) these values
of kinematic viscosity of QGP are close to both exper-
imental and theoretical values of kinematic viscosity in
liquids at the minimum νm. This similarity gives an in-
5sight into the dynamics of QGP particles at experimental
conditions and implies that they are interestingly close to
the dynamical crossover between the liquid and gas-like
states. Furthermore, we can use the analogy with liquids
and predict that (a) the currently measured “almost per-
fect fluidity” of QGP [7] is not an inherent property of
the QGP but depends on temperature (energy) as in liq-
uids and (b) future experiments at higher energy will lift
the system from the dynamical crossover into the gas-like
regime, corresponding to the increase of liquid viscosity
in Fig. 1, and will detect a viscous response consistent
with gas-like dynamics.
Fourth and finally, it was earlier suggested [29] that
ν or transverse momentum diffusivity Ds is a universal
property in a sense that it applies to both relativistic
and non-relativistic cases, generalizing the relativistic
KSS bound [10] commonly used to discuss the properties
of QGP and other systems as mentioned earlier. The
quantitative similarity of νm of two vastly different sys-
tems found here supports this view and adds numerical
evidence to it.
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